A Lorentz invariant doubled worldsheet theory 
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We propose a Lorentz invariant version of Tseytlin's doubled worldsheet theory that makes T- 
duality covariance of the string manifest. This theory can be derived as a gauge fixed version 
of Buscher's gauging procedure, in which the left-over gauge field component acts as a Lagrange 
multiplier. This description can naturally account for fractional linear 0(D, D) transformations 
of the metric and fe-field. It is capable of describing non-geometric backgrounds; geometric and 
non-geometric fluxes are encoded in the doubled anti-symmetric tensor field strength. 



INTRODUCTION 

T-duality is a fundamental symmetry between certain 
string backgrounds. Buscher's initial approach P, Q im- 
plements it as a transformation of the target space metric 
and &-field, but does not realize it as a manifest sym- 
metry on the worldsheet. On the contrary, Tseytlin's 
approach [!, H| (based on see also @, Q) realizes T- 
duality as a manifest 0(D, D) covariance of a worldsheet 
action for doubled coordinate fields. This description is 
not (manifestly) Lorentz invariant, which poses compli- 
cations for interpreting the /3-functions as target space 
equations of motion (e.o.m.'s) [1, 0|. 

The doubled formalism by Hull U| describes 
the same number of target space d.o.f.'s as the stan- 
dard sigma-model because the constraint and the kinetic 
terms are assumed to be related. Ref. [l2|, EH gave a 
Lorentz invariant description of the chirality constraint 
14]. This resulted in a non-linear theory unless one 
makes a gauge fixing, leading back to Tseytlin's form. 
In this letter, we propose a manifest Lorenz invariant 
doubled worldsheet theory which overcomes these issues. 

Various approaches that double the coordinates have 
been utilized to investigate "non-geometry" . We use our 
proposed formalism to analyze the prime example of a 
non-geometric background, namely the three-torus with 
a linear 6-field and its T-duals. It turns out that in 
this case our formalism avoids the ambiguities that typi- 
cally show up in any non-geometric setup. Furthermore, 
we obtain the chain of non-geometric fluxes as the field 
strength of the doubled anti-symmetric tensor field. 



T-DUALITY ON THE WORLDSHEET 

The starting point is the worldsheet path integral for 
the coordinate fields X''(ct), /i = 0, 1, . . . D-l, 



with E(X) = g(X) + b(X), that map into a target space 
with metric g(X) — [g^(X)\ and anti-symmetric tensor 
b(X) = [bn V (X)]. We defined left- and right-moving 
derivatives as 8l/r = (do ± di)/V2 and dropped the 
worldsheet measure: J — fd 2 a. This theory, describing 
D bosonic d.o.f.'s, is both Lorentz and scale invariant. 
Requiring Weyl invariance (finiteness) at the loop level 
results in the target space e.o.m.'s (la. flif. 



Buscher's approach 

Buscher's approach [JQ assumes that the metric g and 
the Kalb-Ramond tensor b are constant or at least possess 
some isometries. They are promoted to local symmetries, 

X(a) -> X(cr) - £(a) , V a (cr) -> V a (cr) + d a £(a) , (2) 

by introducing a gauge connection V a with a = 0, 1 or 
L,R. The covariant derivatives D a X = d a X + V a and 
field strength F — OrVl — BtYr are inert under these 
gauge transformations. The number of worldsheet d.o.f.'s 
remains the same provided that a Lagrange multiplier 
X = (Xfj) enforces V to be pure gauge F = 0. 

The quantization requires a gauge fixing condition 
G = implemented by a Lagrange multiplier B. Dif- 
ferent choices for G lead to equivalent descriptions of the 
same physics. In the path integral 



Z = J V[X, X, V, B, B, c] Vdet E expiS 



(3) 



S = 



D L X T ED R X 



X t F + B t G + b t 5 c G\ 



the Faddeev-Popov (b, c) ghost's action is determined 
by the variation of the gauge fixing condition S^G with 
the gauge parameter £ replaced by C. 

Taking G — X the ghosts can be integrated out triv- 
ially. The integrals over B and X implement the gauge 
fixing X = 0. After integrating the V^'s the path integral 
only involves the dual coordinate fields X: 



Z = J V[X]y/det E(X) exp i J d L X T E(X) d R X , (1) Z = J V[X]VdetE exp i J d L X T Ed R X , 



(4) 
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with g + b = E = E^ 1 = (g + b) ^ 1 . This motivated the 
factor y'det E(X) rather than y/det g(X) in the path in- 
tegral (J} because it not only ensures that it is invariant 
under target space diffeomorphisms but also transforms 
covariantly under T-duality. Hence, the Buscher's ap- 
proach maps one worldsheet action to its T-dual version 
but does not make T-duality covariance manifest. 

Tseytlin's approach 

As briefly explained in an appendix of flj| one can ob- 
tain a T-duality covariant description by enforcing the 
axial gauge: G — V\. The integrals over B and V\ imple- 
ment the gauge fixing Vi = 0. The integral over Vq leads 
to a path integral of the action 

S= J {-±d l Y T Hd 1 Y-±8 1 Y T rid Y+B T d 1 c} , (5) 

with Y T — (X T X T ). Further integrating over the 
ghosts gives the functional determinant det d\ in the path 
integral as in The matrices 

'-(; ;),^(»: 9 v^>o(A D ),(e, 

define the 0(D, D) invariant metric and the generalized 
metric, with T~L E 0(D,D), resp. Hence, Tseytlin's ap- 
proach 0, 0| makes T-duality covariance manifest. 

Tseytlin's formulation can straightforwardly be gener- 
alized to cases where the target space does not posses 
any isometries anymore: In addition to arbitrary non- 
constant symmetric matrices Q (replacing rj) and %, there 
can be an anti-symmetric tensor C. In the process of this 
generalization Lorentz invariance is lost. This can be seen 
by representing the classical Tseytlin's form as 

Sci. = J{\d L Y T {n + c) d R Y - 1 wlgw- } , (7) 

where W± = Td+d L Y ±n_d R Y with n± = \{l±g- x %). 
In order to ensure that D of 2D d.o.f.'s are removed 
and the Lorentz invariance is restored, one may demand 
[H that W+ = and that the operators n± are pro- 
jectors (which requires that H G 0(D, D) w.r.t. Q, i.e. 
H T g- l H = g), hence: U+d L Y = H-d R Y = 0. In 
the Tseytlin's formulation one has to impose that both 
Lorentz and Weyl invariance are preserved at the quan- 
tum level 8, 9]. This leads to two conditions, which ob- 
scure the identification of the worldsheet beta functions 
with the target space e.o.m.'s. 

LORENTZ INVARIANT TSEYTLIN FORMALISM 
Construction 

We would like to obtain a Tseytlin-like formulation 
which admits that the action is parameterized by arbi- 



trary matrix valued functions and which is manifestly 
Lorentz invariant at the same time. The reason that the 
Tseytlin approach is not (manifestly) Lorentz invariant 
is easily identified in the construction above: A Lorentz 
breaking axial gauge fixing was used. Hence the remedy 
is to impose a Lorentz covariant gauge fixing. 

A Lorentz preserving gauge fixing reads: G = Vl- 
Contrary to the axial gauge in Tseytlin's approach, af- 
ter integrating over B and Vl the remaining gauge field 
component Vr appears only linearly in the action 

S = J [d L X T Ed R X + WlV R - 9 l c t b} , (8) 

hence it classically enforces the constraint 

Wl = d L X T E + d L X T = . (9) 

After a change of variables, X — > X — E T X, the path 
integral contains a factor, 

^ch.bos. = fv[X, V R ] expz Jv£d L X , (10) 

which might be viewed as a problematic chiral boson, 
see e.g. a comment [l9[ on (2Q|. However, in the path 
integral corresponding to the action @ this chiral boson 
contribution is precisely cancelled by the ghost sector. 

General form 

To go beyond constant backgrounds we take ((U) at face 
value: It has the form of a gauge fixed action where the 
constraint ([9]) defines the gauge condition. Then given 
the form of the ghost action in (jSJ, the gauge transfor- 
mation being fixed can be inferred to be e.g.: 

sx = i . (ii) 

This gauge transformation could have been anticipated 
from Buscher's gauge theory ([3]): The pure gauge require- 
ment is equally well implemented when X — > X + £. 

To generalize to non-constant configurations we sim- 
ply ask for a generic kinetic action compatible with this 
gauge transformation and a generic gauge fixing term. 
Since (fTTj) transforms X with a shift, the most general 
kinetic term is as in (JT]) while the constraint 

Wl = d L X T K(Y) + L X T L(Y) (12) 

may involve general D x D matrix functions K, L of Y . 
Therefore, we take the classical action 

Soi. = J{d L X T E(X)d R X + WlV R } , (13) 

as our starting point. If we retain the interpretation of 
(|12[) as a gauge fixing condition for coordinate redun- 
dancy, its variation determines the ghost action to be 

S gh . = " f{d L C T L + d L X T K» Cf , + d L X T L»C^B . 
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The matrices K and L are only defined up to an invertible 
matrix function p: 

K^-Kp- 1 , L^Lp- 1 , Vr^pVr. (14) 

Since the matrices K, L only appear in the gauge fixing 
term, we do not interpret them as physical target space 
d.o.f.'s. Hence, this theory describes D 2 d.of.'s as the 
standard sigma-model. 

Using the constraint (TT21 the classical action can be 
represented in various guises: By the transformation 

V R ->V R + Kd R X + \d a X , (15) 

with matrix functions K and A, the action (| 13[) becomes 



S cl . = J {~d L Y T (G + C)d R Y + d L Y T (f)v R ) (16) 



where 



l (r^r\ (E + Kk KX-p 
2^ G + C ) = {lk + p LX 



(17) 



Any constant matrix p can be introduced here by a dou- 
ble partial integration 3lX t pd R X = 8lX t pd R X. 



Standard sigma— model 0(D,D) covariance 
Using (TT21 the classical action can be written as 
Sol. = J { - \ d L Y T i 1 d R Y + d L Y T (f\ Vr] (18) 



with K = E and L = 1. We brought the quadratic part 
of the action into a form involving g, given in ([6]), by em- 
ploying a double partial integration as mentioned above 
(i.e. we took k = -1, A = and p = |l in (jl?) ). The 
action (fT5|) is invariant under global 0(D, D) mappings, 

Y^Y' = M- T Y, M = P\ EO(D,D) , (19) 

provided that they are extended to 



V R = Vr 



(20) 



In fact, for K = E,L = L' = 1 can be kept inert provided 
that the Lagrange multiplier Vr transforms (see (fl"4")l ) as 

Vr -> (>yE(Y) + S) Vr , (21) 

which induces a fractional linear transformation 

E{Y) -> E\Y') = (aE(Y) + (5) (jE(Y) + 6) _1 . (22) 



The action (I18|) can equivalently be represented in a 
form closely related to Hull's doubled formalism [l(J U|: 



S d . = J [\d L Y T H{Y)dRY + W L {Y) T V R ) , (23) 



in terms of the generalized metric H(Y), see ([6]). It fol- 
lows that 



H{Y) -> U'(Y') = MU{Y) M 1 



(24) 



All 0(D, D) transformations have been obtained in our 
formalism without referring to any isometries and coin- 
cide with the transformation rules in e.g. 171, |21|. 



Geometric and non— geometric fluxes 

As the constraint is not invariant under fo— field gauge 
transformations, fluxes have to be encoded in the 
quadratic terms. The field strength 



(25) 



is left invariant by SC2{Y) = cGi(F) and hence general- 
izes the &-field gauge transformation. 

This suggests that fluxes should be introduced by iden- 
tifying b as components of C and not as part of the con- 
straint. Motivated by the index structure, the compo- 
nents of J-, can be identified with the H-, geometric /- 
and non-geometric Q— and i?-fluxes: 



f)pv — -ppv 
^ p J pi 



fp _ T> 
J vp — •> vp i 

J^pvp = J^P-vp 



(26) 



EXAMPLE: TORUS WITH LINEAR B— FIELD 

Consider a three dimensional torus T 3 with periodici- 
ties T x : x — > x + 1, etc, with a flat metric g = 1 and a 
linear 6-field in the x, y directions, e.g. 



b(z) 



2^ e y 



(27) 



The e*'s are the standard unit vectors with &j — S^j. 
There are two possibilities to implement this background 
in the framework presented above: 



6— field encoded in the constraint 

A description, which has manifest 0(3, 3) invariant ki- 
netic terms, is provided by (fT8"|) with K = l + b(z), L = 1. 
This action is invariant under the torus periodicities T x 
and T y . However, since T z : b(z) — > b(z) + u), the pe- 
riodicity in the z-direction can only be realized, if it is 
accompanied by an appropriate 0(3, 3) transformation: 



T 7 - Y -> 



1 

oj 1 



Y 



(28) 



Since the three-torus is doubled, we have in addition 
- ; \ ^ , ■ , /' \ 



T 3 : Y^Y+ ( J) , /;,: V >Y 



(29) 
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with j = x,y and j = x,y,z. (Similar boundary con- 
ditions were found in [22j.) Consequently not all torus 
periodicities commute: [T z ,T y ] = \T X , [T Z ,T X ] = —^Ty. 

Standard T-duality transformations are part of the 
0(D, D) transformations (|2"21 by defining a T-duality 
in the e ? — direction as 



Mi 



(30) 



Given that M? = 1, we denote combined T-dualities in 



the ei and ej directions, i ^ j, by = M. 



in 



denotes T-duality in all three directions. By ([20 
sequent T-dualities on the constraint read 



M xyz 
, sub- 



each of the duality frames. 

OUTLOOK 

In the light of moduli stabilization, it would be inter- 
esting to study other examples where several types of 
fluxes are switched on simultaneously, e.g. certain WZW 
models H, Poisson geometries [24[ or asymmetric orb- 
ifolds [25[. For this it is neces sary to investigate the 
e.o.m.'s via the /^-functions 0,0, 
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Normally, applying a Buscher T-duality in the third di- 
rection is considered to be meaningless because there is 
no isometry in the ^-direction. In our formalism we do 
not encounter any such problem: By construction all 
transformations are always linear; only if we employ ap- 
propriate accompanying Vr transformations (|2ip , we ob- 
tain non-linear expressions, i.e. non-trivial monodromies 
of the target space fields. Hence, the trouble with naively 
applying the T-duality rules is that the torus periodici- 
ties are then only realized up to Vu transformations. 



Fluxes as components of the doubled field strength 

As explained, in order that the full 6-field gauge trans- 
formations leave the theory inert and fluxes can be sys- 
tematically defined, we use the description where the b- 
field is part of the tensor C mn = b mn (z). This means 
that the constraint, encoded by K = L = 1, is T- 
duality invariant and consequently the periodicity gen- 
erators, Tj,Tj, all commute. Moreover, taking k = — 1, 
A = and /i = ^1 the action (|16l) has 



0— 51- 



b 




(31) 



Using this description, the chain of T-dual fluxes [23[ , 

A I 



H 



123 



J 23 > W 3 > -n- 



(32) 



can be recovered from (|26[) . Since C transforms covari- 
antly under 0(3,3) transformations, the forms of C and 
its field strength T under subsequent T-dualities in the 
x, y and z-directions are easily computed, which shows 
that only one of them is switched on (and constant) in 
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